Abstract. At high temperatures above 200 K, a significant increase in thermal conductivity (j) was observed for the Al-based icosahedral quasicrystals and their corresponding approximants. By comparing the measured j of the Al--Re--Si 1/1-cubic approximants with their electronic density of states at the Fermi level (e F ) determined by the low temperature specific heat measurements, we found that the increase in j at high temperature was most pronounced when e F is located at the bottom of the pseudogap. This fact indicates that the large increase in j is not brought about by the lattice but by the conduction electrons in associated with the narrow pseudogap at e F . It is also found that the behavior of j at high temperature is well accounted for in terms of the bipolar diffusion effect of conduction electrons that is generally employed to analyze j of the narrow-gap semiconductors and semimetals.
Introduction
Icosahedral quasicrystals and their corresponding approximants have attracted considerable interest as candidates for a new thermoelectric material, because those materials possess a low thermal conductivity as low as j $1 W/m K [1] and a large thermoelectric power up to S $100 mV/K with positive and negative sign [2] [3] [4] . As a consequence of intense studies, it was clearly proved that the large thermoelectric power of quasicrystals and approximants was caused by the strong energy dependence in the spectral conductivity with closely related to the narrow pseudogap in the electronic density of states at the Fermi level (e F ) [3, 5] , and that the small thermal conductivity was most likely caused by the small quasi Brillouin zone in the quasicrystals and the small first Brillouin zone of the approximants which definitely cause the intensified umklapp process of the phonon-phonon scattering and the reduction in the mean group velocity of phonons [4] .
Despite the clearly revealed mechanism for the large thermoelectric power and low thermal conductivity, there still remains one open question about the behavior of jðTÞ at high temperature; the measured jðTÞ of the quasicrystals and approximants drastically increases with increasing temperature above room temperature even after the removal of the contribution of the electrons by using the well-known Wiedemann-Franz law (j WFL ¼ sL 0 T), where s and
B =ð3eÞ indicate electrical conductivity and the Lorenz number, respectively [7, 8] . This unusual experimental fact suggests two possible scenarios; presence of an unusual contribution of phonons or invalidity of the Wiedemann-Franz law to describe the electron thermal conductivity.
In order to gain deeper insight into the mechanism leading to the large enhancement in thermal conductivity at high temperatures, we employed in this work the Al 71 Pd 20:5 Mn 8:5 and Al 63 Cu 24 Fe 13 icosahedral quasicrystals together with the Al 82:6Àx Re 17:4 Si x (7 x 11) 1/1-cubic approximants. By measuring the thermal conductivity and analyzing them in terms of electronic structure, we found a direct evidence that the large increase of thermal conductivity is not cased by lattice but by the electrons in associated with the pseudogap at the Fermi level. 4 Si x (7 x 11) were prepared from pure elements, Al (purity 99.99%), Pd (99.99%), Mn (99.9%), Cu (99.99%), Fe (99.9%), Re (99.9%), and Si (99.999%) using the arc-melting and the induction-melting techniques. The prepared ingots were cut into a rectangular shape of typically $ 1 Â 1 Â 10 mm in dimension. These ingots were heat treated at 750 C for 24 hours to improve the structure quality with removing the strain and voids introduced during the sample preparation. The phases in these samples were determined by the stepscanned powder X-ray diffraction measurements with a conventional CuK a X-ray radiation. The powder X-ray diffraction patterns of the samples are shown in Fig. 1 . All samples were confirmed to consist solely of the quasicrystal or the 1/1-cubic approximant without possessing any precipitation of secondary phases. Electrical resistivity and thermal conductivity of the samples were measured at the temperature range from 2 K to 400 K using the Thermal Transport Option of the Physical Properties Measurement System (TTO-PPMS9), Quantum Design Inc. Details of the sample preparation and measurements were reported in our previous papers in more detail [3, 4, 6] . 4 Si x 1/1-cubic approximants. All samples obviously possess very small thermal conductivity less than a few W/m K. This characteristic is caused by the small pseudo Brillouin zone of the quasicrystals or the small first Brillouin zone of the approximants. [4] One may also realize that the strong composition dependence is observable in j meas ðTÞ especially of the Al--Re--Si 1/1-cubic approximants. Our previously performed Rietveld analyses on the 1/1-cubic approximants revealed that this composition dependence is mainly caused by the composition dependence of the number of vacancies in the local atomic arrangements. [4] The chemical bonds between the neighboring atoms and the averaged atomic weight also affect the lattice thermal conductivity to cause a weak but finite composition dependence.
Experimental procedure

Results
Although we did not have confidence whether the Widemann-Franz law j WFL ðTÞ ¼ sðTÞ L 0 T is applicable for quasicrystals and approximants, we tentatively employed it to roughly estimate the contribution of electrons to the thermal conductivity. The j WFL ðTÞ's shown in Fig. 2(b) indicate that the contribution of electrons would be negligibly small at low temperature but becomes comparable with the lattice contribution at high temperatures. We also calculated j 0 ðTÞ ¼ j meas ðTÞ-j WFL ðTÞ, that is generally used as the lattice thermal conductivity, and plotted in Fig. 2(c) . Obviously all the quasicrystals and approximants show a significant increase of j 0 ðTÞ at the temperature above 200 K, as those reported previously [7, 8] . This tendency is definitely different from that of the lattice thermal conductivity of ordinary solids; decreasing or staying constant with increasing temperature.
In order to extract the unusual increase of j 0 ðTÞ at high temperature, we subtracted the generally expected lattice thermal conductivity j lat ðTÞ by roughly assuming that it possesses a constant value above T min where j 0 ðTÞ shows the local minimum. The resulting j 00 ðTÞ ¼ j 0 ðTÞ À j lat ðTÞ are shown in Fig. 2(d) together with the schematic drawing of the procedure to obtain j 00 ðTÞ in the inset. Obviously the j 00 ðTÞ of the Al 82:6Àx Re 17:4 Si x 1/1-cubic approximant at high temperature possesses a strong composition dependence. It possess maximum magnitudes over the whole temperature range of measurement at x ¼ 10, and decreases both with decreasing x. The sample with x ¼ 11 shows almost no unusual increase at the temperatures less than 300 K.
We considered here possible origins for the increase in thermal conductivity at high temperature, for example delocalization of localized phonons [9] , unusual contribution of conduction electrons [10] , and unusual increase in lattice specific heat [11] , and eventually realized that the increase of j 00 ðTÞ at high temperature are closely related with the pseudogap formed in the electronic density of states NðeÞ at e F . From the fact that the Al 72:6 Re 17:4 Si 10 1/1-cubic approximant of the largest j 00 ðTÞ possesses the Fermi level e F located at the minimum of the density of states. [3, 6] This experimental fact let us strongly believe that the development of j 00 ðTÞ is not brought about by the lattice but by the conduction electrons characterized by the pseudogap at e F as it was previously argued by Maciá and Rodríguez-Oliveros with their phenomenological considerations [10] . 
Discussion
In this section, the jðTÞ is analyzed in more detail using theelectronic densityofstatescalculatedfortheAl 73:6 Re 17:4 Si 9 1/1-cubic approximant [3, 6] . In the quasicrystals and approximants, it is widely believed that a pseudogap persists at the Fermi level (e F ) in the same way as that in semimetals. One may, therefore, employ the well-known "two band model" in which electrons and holes are assumed to conduct independently in the conduction band and valence band, respectively, although it is not the best but a rather poor approximation. Notably, the unusual increase of thermal conductivity at high temperature was also observed in semiconductors and semimetals, and often discussed in terms of "bipolar diffusion effect" formulated on the basis of the two band model [12] . The following equation is used to describe the bipolar diffusion effect j bde .
Equation (1) 
The second term in Eq. (4) was ignoted because it is generally much smaller than the first term. Note also here that Eq. (3) uses the well-known Mott Formula [13] which describes thermoelectric power of metals.
If a e and a h in Eq. (1) is kept almost constant over a wide temperature range as that in a typical metal, j bde becomes maximal when s e becomes equal to s h . The condition of s e % s h can be expressed in other equation as e F % e bottom . Here e bottom represents the energy at which the density of states possesses its minimum magnitude within the pseudogap. One may realize that the experimentally determined j 00 ðTÞ is indeed most enhanced at the condition of e F % e bottom , and therefore we considered that the bipolar diffusion effect would be one of the most plausible mechanisms leading to the unusual enhancement in j of the icosahedral quasicrystals and approximants at high temperature.
To further investigate the bipolar diffusion effect in the quasicrystals and approximants, we calculated j bde ðTÞ of the Al--Re--Si 1/1-cubic approximants with Eq. (1). The s e ðeÞ and s h ðeÞ were estimated from the electron density of states calculated by the LMTO-ASA method [6] . Instead of taking the detailed energy-momentum dispersions into account, we roughly assumed that the density of states extending at the energy range above/below e bottom comes from conduction/valence band and provide electrons/holes, respectively. This assumption was schematically drawn in Fig. 3(a) . We additionally assumed that the spectral conductivity s ðe or hÞ ðeÞ is directly proportional to the density of states NðeÞ because of the constant mean free path and the constant group velocity. These assumptions of the constant mean free path and the constant group velocity are justified by considering the fact that the Al-based quasicrystals and approximants are highly isotropic and characterized by the electrical conductivity under the Ioffe-Riegel limit and weak localization. [6] The ððs e s h Þ=ðs e þ s h ÞÞT 3 appearing in j bde ðTÞ was calculated for the Al--Re--Si 1/1-cubic approximants using s ðe or hÞ ðeÞ at different e F 's, which were determined for each x by our previous works using the low temperature specific heat measurements and LMTO-ASA band calculations [3, 6] . The calculated values were plotted in Fig. 3(b) . Obviously the calculated ððs e s h Þ=ðs e þ s h ÞÞT 3 qualitatively reproduced the characteristics of the experimentally determined j 00 ðTÞ. It is, therefore, concluded that the large enhancement in thermal conductivity observed for the Al-based icosahedral quasicrystals and approximants are not brought about by lattice (phonons) but by conduction electrons, the role of which is qualitatively accounted for in terms of the bipolar diffusion effect.
We have to honestly note before closing discussion that a few problems remains unsolved in our present analyses. Some assumptions used to obtain Eq. (1) are unfortunately inappropriate to analyze the electron thermal conductivity of quasicrystals and approximants. The most pronounced invalid assumption is the two band model, which is certainly different from the real electronic structure of the quasicrystals and approximants. Besides, we cannot independently define the thermoelectric power for each band from Eq. (3) because the spectral conductivity should be summed over all bands crossing e F in the denominator of Eq. (3). The role of the temperature dependence of a in Eq. (3) was not taken into account in our analysis neither. In order to more properly understand the electron thermal conductivity, we have started analyzing j 00 ðTÞ without using these hypothetical assumptions mentioned above. The result will be reported in near future elsewhere [14] . Before closing discussion, we also comment on the variable range hopping conduction of phonons (VRH-P) predicted by Janot [9] . This mechanism is sometimes employed to account for the unusual increase of thermal conductivity at high temperature for the icosahedral quasicrystals [8, 15, 16] . One may, therefore, wonder that it could be a possible origin for the unusual increase of thermal conductivity observed for our present samples. The analysis in the context of VRH-P may reproduce the thermal conductivity of our present samples partly because it uses a parameter fitting with which the increasing tendency is somehow accounted for and partly because the data is limited in a narrow temperature range below 400 K. However the fitting solely with VRH-P is rather poor both for the present materials and those in the literature [15, 16] , and the scenario solely with VRH-P cannot account for the characteristic composition dependence of j 00 ðTÞ experimentally obtained in our study. Therefore we conclude that VRH-P is not the dominant mechanism leading to the unusual behavior in thermal conductivity of the present samples.
Conclusion
We observed a significant increase in thermal conductivity jðTÞ for the Al 71 Pd 20:5 Mn 8:5 and Al 63 Cu 24 Fe 13 icosahedral quasicrystals and the Al 82:6Àx Re 17:4 Si x (7 x 11) 1/1-cubic approximants. By comparing the measured jðTÞ of the Al 82:6Àx Re 17:4 Si x i 1/1-cubic approximants with the electronic specific heat coefficient, we found that the increase in j at high temperature was most pronounced when e F is located at the bottom of the pseudogap. The increase in jðTÞ at high temperature was found to be well accounted for in terms of the bipolar diffusion effect which is constructed on the basis of the two band model. It is concluded, therefore, that the large increase in jðTÞ at high temperature above 200 K observed for the Albased icosahderal quasicrystals and their approximants are not brought about by the lattice but by the conduction electrons characterizedby the narrow pseudogap at e F .
